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Abstract: The momentum distributions and binding energies of the valence electrons of ethylene have been determined by elec­
tron impact ionization with complete determination of the kinematics of the incident, scattered, and knocked-out electrons. 
Under the conditions of high incident energy and large momentum transfer, the momentum distributions correspond to the 
square of the single electron momentum space wave functions. The results permit an unambiguous assignment of all the va­
lence electrons and are compared with theoretical predictions. The shake-up state responsible for the 27.4-eV satellite in the 
binding energy spectrum has been identified and is shown to be principally derived from the primary state of 2Ag symmetry. 

Introduction $ = A r j $,-

Most modern theoretical descriptions of the properties 
of large molecules employ many-electron wave functions which 
are approximated as antisymmetrized products of one-electron 
wave functions, or orbitals. These orbitals in turn are generally 
expressed as linear combinations of Slater or Gaussian type 
functions centered on the constituent atoms. Tests of the ac­
curacy of this description generally rely on comparisons be­
tween measured and calculated one-electron properties such 
as orbital binding energies, transition probabilities, dipole 
moments, and polarizabilities. Since each of these properties 
is sensitive to a different spatial portion of the wave function, 
a meaningful comparison of theory and experiment is often 
difficult to achieve. In this paper we describe an experiment 
which not only measures one-electron orbital binding energies 
for the valence electrons of molecules, but yields in a 
straightforward way the square of the one-electron wave 
function in momentum space. The experiment has been applied 
to the simplest molecule with a carbon-carbon double bond, 
ethylene, for which a number of accurate theoretical wave 
functions exist.2-3 

The experiment is called (e,2e) by analogy with the (p,2p) 
and (a,2a) experiments of nuclear physics from which it is 
derived. It is high-energy electron impact ionization with 
complete determination of the momenta of the incident and 
outgoing electrons. From conservation of momentum consid­
erations, the momentum of the target electron before ionization 
is calculated. By performing the experiment many times the 
full momentum distribution of the target electron is deter­
mined. In addition, application of conservation of energy gives 
the binding energy of the knocked-out electron from the dif­
ference between the incident electron energy and the total 
energy of the outgoing electrons. 

The quantum mechanical treatment of the (e,2e) process 
is based on the plane wave impulse approximation4 which has 
been shown to be an accurate description for incident electron 
energies greater than ten times the binding energy of the 
knocked-out electron.5 The quantum mechanical analogue of 
the classical electron momentum distribution is the absolute 
square of the momentum space wave function, which is in turn 
the Fourier transform, F{q), of the configuration space wave 
function. \F(q)\2q2dq gives the probability that the electron 
has momentum between q and q + iq. 

Theoretical Background 
SCF molecular wave functions represented by a single 

configuration, <t>, can be written as an antisymmetrized product 
of one-electron wave functions 0,-, in configuration space 

where A is the normalizing and antisymmetrizing operator and 
the product is over all occupied orbitals of the molecule. An 
ion created by removing an electron from orbital 4>k can then 
be represented by 

Qk = AYl^k-1 

i 

Similarly, an excited state of the ion produced by the removal 
of an electron from 4>i and the promotion of a second electron 
from 4>j to <)>a is represented by 

$ija = A I ! <t>i<t>rl4>j~]<l>a 
i 

Often a single configuration wave function is not sufficient 
to describe an ion state. When this is the case, a configuration 
interaction (CI) wave function must be used. It is written 

* - E C * # * + E C t f a * t f a (1) 
Ij a 

where only $^'s and $//„'s of the same symmetry appear. 
When one of the coefficients, Ck, in the first sum is much larger 
than any of the other coefficients, the wave function ^f corre­
sponds closely to the primary hole configuration $^. The en­
ergy necessary to create this configuration from the neutral 
ground state is equal to the negative of the energy of the /cth 
orbital. When such a state is produced by photoionization the 
result is a primary peak in the photoelectron spectrum. An 
analogous peak would appear in the (e,2e) separation energy 
spectrum. More complex states are associated with nonnegli-
gible values for several CVs and C//„'s, but there is usually a 
dominant term in each sum corresponding to a particular $k 
and $ija which is used to identify the state. In both the pho­
toelectron and (e,2e) separation energy spectra the production 
of such a state usually results in a satellite peak at an energy 
greater than that of the primary peak. The capability of the 
(e,2e) experiment to determine the energies of primary and 
satellite states and the values of the CI coefficients is one of its 
important features. 

The cross section for the (e,2e) process is related to the wave 
functions for the initial and final states of the target, <£ and ^, 
respectively. In the plane wave impulse approximation this 
is 

<r (e,2e)«<7 e , e(0) |< e 'kA- r*|*>| 2 (2) 

where <re,e(0) is the electron-electron cross section for the 
scattering of the incident electron into the polar angle 8, taking 
into account the indistinguishability of electrons (the Mott 
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cross section). The knocked-out electron has momentum kA 
and is represented by a plane wave eik*T. Integration over the 
initial and final vibrational and rotational states of the molecule 
is implied.6 

The present experiments employ the symmetric noncoplanar 
geometry illustrated in Figure 1. In this geometry the outgoing 
electrons have momenta kA and krj of identical magnitude. 
Their energies are E = (EQ - IP)/2, where £ 0 is the incident 
electron energy and IP is the ionization potential or separation 
energy of the knocked-out electron. The polar angle d which 
gives the direction of an outgoing electron with respect to the 
incident direction is the same for both outgoing electrons. To 
maximize momentum transfer to the target electron, 6 is fixed 
at 45°. The azimuthal angle 4> is the angle between the mo­
mentum vector of one of the outgoing electrons and the plane 
defined by the momenta of the incident electron and the other 
outgoing electron. By conservation of momentum, this azi­
muthal angle is related to the magnitude of q, the recoil mo­
mentum of the target, which in the binary encounter approx­
imation equals the initial momentum of the knocked-out 
electron 

|q| = [ (2 | k A | c o s0 - | ko | ) 2 + ( 2 | k A | s i n 0 s i n | ) 2 ] V 2 

where ko is the momentum of the incident electron. 
With 6 fixed, <re,e(0) is constant, and in the simple case where 

the ejection of an electron from the target results in a single 
configuration state, the relative cross section becomes 

ffjt- | < e ' k A * $ k | * > | 2 (3 ) 

If the passive orbitals of the neutral system and the ion, those 
not involved in excitation or ionization, are assumed to be the 
same (frozen core approximation), this expression can be 
simplified by taking into account the orthogonality of the single 
electron wave functions. The result is 

Tk= \{eik"r\J>k)\2 

The integral is the Fourier transform of 4>k, which is the single 
electron wave function in momentum space, Fk(q). It follows 
that IFk(q)\2 is the momentum distribution function for the 
knocked-out electron. The measurement of the relative (e,2e) 
cross section is thus sufficient to determine directly single 
electron wave function amplitudes; furthermore, normalization 
requires that 

§J \Fk(q)\2q2dq = I (4) 

For single configuration ion states the relative (e,2e) cross 
sections can be put on an absolute scale by requiring 

J^ akq
2dq = 1 

Under these conditions the relative cross sections correspond 
directly to probability densities. 

As implied in the above treatment, the use of CI wave 
functions is generally confined to the representation of final 
ion states. Consider the common case where the initial neutral 
molecule state is represented by a single configuration wave 
function <i> and the final ion state by two CI wave functions 
corresponding to the primary and satellite peaks. This situation 
occurs when there is only a single excited configuration of the 
same symmetry as the primary configuration. The CI wave 
functions can be written 

*'=C'k*k + C'ljaQlj,, (5) 

where;' = 1 corresponds to the primary configuration and i = 
2 corresponds to that of the satellite. The (e,2e) cross section 

Figure 1. The symmetric noncoplanar geometry for the (e,2e) experi­
ment. 

becomes 

ff'= \Ok(e**'$k\<i>) + Oija{eik*--'$ija\$)\2 (6) 

where the first integral is identical with that for the single 
configuration case of eq 3. Again assuming that the passive 
orbitals are the same in the neutral molecule and the ion, the 
second integral reduces to two terms each of which is a product 
of integrals over the coordinates of the ejected and excited 
electron separately. 

a' = \C'k(e
ik^\(t>k) + O1J1Ae*^,) (4>a\cj>j) 

+ C' t f a<e'k v ' l^> <0«|0/>I2 (7) 

In this equation <t>a and <f>j, 4>i are not orthogonal since they are 
eigenfunctions of the different Hamiltonians of the ion and the 
neutral molecule. However, the overlap integrals (<t>a\4>j) and 
(4>a\4>i) will generally be small since even the active orbitals 
of the ion will be similar to those for the neutral molecule. 
Under this condition the first term will dominate and the 
variation of the (e,2e) cross section with q will be the same as 
that of the primary hole configuration, §k. In addition, the 
amplitude of the satellite state will be equal to the square of 
the corresponding CI coefficient. Since both the primary hole 
state ^ 1 and the satellite state ^2 correspond to the knockout 
of the same electron, the amplitudes of the two states sum to 
one. The measurement of the variation of the (e,2e) cross 
section with q therefore provides an unambiguous means for 
assigning satellite states; the amplitude of the satellite yields 
the CI coefficient directly. 

Experimental Results 
The apparatus is a multiple detector device which is described in 

detail elsewhere.7 For the present experiments, eight detectors were 
employed allowing 15 (e,2e) coincidence measurements to be made 
simultaneously. This arrangement permitted the experiment to be 
performed at a relatively high data rate with approximately three 
times better angular resolution than has been possible with conven­
tional two-detector systems. 

Initially, the binding energies or separation energies of the valence 
electrons of ethylene were determined. This is accomplished by 
measuring the sum of the coincidence rates in all channels as a function 
of scattered electron energy. Figure 2 shows the separation energy 
spectrum for 400-eV incident electrons. Data were accumulated for 
about 0.5 h at each point. This gives only moderate signal to noise 
ratios but since both the He I and x-ray photoelectron spectra of 
ethylene are available it was deemed unnecessary to accumulate data 
for a longer period. It is evident that all features of the photoelectron 
spectra appear in the (e,2e) separation energy spectrum. In particular, 
it should be noted that, in addition to six peaks corresponding to 
knockout of each type of valence electron, the well-known 27.4-eV 
satellite peak appears in the separation energy spectrum. 

The analyzer was then set to transmit scattered electrons with 
energies corresponding in turn to each peak in the separation energy 
spectrum and the angular distribution for the knockout of each valence 
electron was measured. These results are presented in Figures 3 and 
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Figure 2. The separation energy spectrum of ethylene for 400-eV incident 
electrons. The vertical scale gives the sum of the coincidence rate at all 
azimuthal angles. The ionization potentials of the valence electrons are 
indicated. 
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Figure 3. Momentum probability densities for the lb)u, lbig, 3ag, and lb2u 
electrons of ethylene. The experimental points are from the 400-eV, 
symmetric, noncoplanar (e,2e) processes. The curves are based on the wave 
functions of Snyder and Basch (ref 3). 

4, For comparison with the experimental results the squares of theo­
retical momentum space wave functions are included. The theoretical 
momentum distributions shown in Figures 4 and 5 were obtained by 
taking the Fourier transforms of the molecular orbital wave functions 
of Snyder and Basch.3 The Snyder and Basch wave functions were 
obtained using the ab initio Hartree-Fock-Roothaan method, with 

Figure 4. Momentum distributions for the 2b3U and 2ag states and the 
27.4-eV satellite state of ethylene. The experimental data are from the 400-
(solid circles) and 1000-eV (open circles) (e,2e) process. The curves for 
the 2b3U and 2ag are theoretical momentum distributions based on the wave 
functions of Snyder and Basch (ref 3). The curve shown for the satellite 
is identical with that for the 2a„ state. 

each MO being expanded in a double f basis set of contracted 
Gaussian orbitals. Under the assumption that knockout of the lbiu, 
lbjg, 3ag, and lb2U electrons does not result insignificant population 
of satellite states, the momentum distributions and corresponding 
theoretical predictions have been normalized to give probability 
densities. 

In order to investigate the source of intensity of the 27.4-eV satellite 
the relative probability, 2,a(<?,)g,2Ag,-, has been determined for 
knockout of electrons in the separation energy range from 16 to 30 
eV. Since there is evidence that the intensity of the (e,2e) process for 
relatively deep electrons may be affected by multiple scattering or 
absorption of the scattered electrons,5 the relative intensity mea­
surements were carried out wih an incident energy of 1000 eV in order 
to minimize this effect. These results are presented in Figure 5. 

The theoretical and experimental momentum distributions are in 
reasonably good agreement for all the orbitals, In particular, the ir 
orbital, lbu, is accurately described. For the ir orbital of acetylene, 
on the other hand, the Snyder and Basch wave functions give a con­
siderably smaller probability of observing electrons at low momenta 
than is measured.8 The ir orbital momentum distribution in C2H4 is 
shifted to higher momenta relative to that in C2H2. This suggests that 
in C2H4 the ir orbital electron density is less uniform and/or less dif­
fuse and thus has a larger gradient in configuration space. The w or­
bital in C2H4, because of its more compact nature, apparently requires 
fewer terms than does that in C2H2 and the Snyder and Basch wave 
function thus describes it adequately. 

The lbigand 1 b2u orbitals are antibonding and bonding combina­
tions, respectively, of the in-plane C2p orbitals (with some His ad­
mixture). The lbig momentum distribution occurs at higher values 
than that of the Ib2U since the lbig has a nodal plane bisecting the 
carbon-carbon axis. The lb l g wave function, more rapidly varying 
in configuration space, therefore has a higher momentum distribution. 
Such differences between the momentum distributions of antibonding 
and bonding orbitals have been observed previously.9 

The 2b3U and 2ag orbitals are predominantly antibonding and 
bonding combinations of the C2s orbitals. Since the antibonding C2s 
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Figure 5. The relative cross section as a function of separation energy for 
knockout of an electron from ethylene in the symmetric noncoplanar (e,2e) 
process at an incident electron energy of 1000 eV. The instrument function 
is represented by solid curves centered about each ionization potential. 
The amplitudes have been adjusted to give the best fit (dashed line) to the 
experimental data. 

combination in the 2b3U has pz type symmetry about the center of the 
molecule, the momentum distribution shows a maximum not at zero 
but at a finite value of the momentum. For C2s type orbitals we thus 
have qualitatively different momentum distributions for antibonding 
and bonding combinations. 

An important feature of the (e,2e) spectrum is the satellite observed 
at 27.4 eV. This satellite arises from configuration interaction in the 
final state of the 02H4

+ molecular ion and can be assigned using the 
Cl wave functions of Martin and Davidson.I0 Their results give states 
at 19.2 and 23.7 eV binding energy which correspond predominantly 
to 2b3U and 2ag hole configurations of 2B3U and 2Ag symmetry, re­
spectively. (Note the reversal of biu and b3U nomenclature in our work 
as compared to that of Martin and Davidson). The CI expansion for 
this lowest energy ' Ag state is calculated by Martin and Davidson to 
be I2A8 = 0.81*2a, - 0.47*2b3u

3(lbiulb2g) - 0.20*2b3u'(lbiulb2g) 
where <f>2ag '

s a Slater determinantal wave function with a hole in the 
2ag MO and *2b3„

3Ubiulb2g) has holes in the 2b3u and Ib)11 orbitals 
and an electron in the lb2g, with the lb2g electron and the (remaining) 
lbiu electron being coupled as a triplet. 

There is also a state with calculated binding energy of 27.8 eV whose 
symmetry is also 2A1 and whose dominant configuration is a 2bju hole 
coupled to a biu -*• b2g (IT -» TT*) excitation. The CI wave function for 
this second 2Ag state is expressed as 22Ag = 0.44$2ag + 
0.87*2b3u

3(lblulb2g) - 0.15^Jb311HIbIuIb28). 
The momentum distribution expected from such a CI state is given 

in general by eq 7 and for the specific case of the second 2Ag state of 
C2H4 is 

0-= |0.44F2ag(?) + 0.87[F2b3u(<?)<lblu(a)|lb2g(c*)> 
+ Flblu(?)<2b3u(/3)|lb2g(a)>] 

-0.15[JF2b3u(<?)<lblu(«)|lb2g(/3)) 
-F lb lu(?)(2b3u(/3)|lb2g(/3))]|2 (8) 

where in this case a and /3 refer to the spin states of the electrons. 
However, in the second and third terms all the overlap integrals are 
equal to zero since they involve functions transforming according to 
different irreducible representations of the D2/, point group of C2H4. 
Thus, the only nonvanishing term in eq 8 involves the product of the 
CI coefficient of the 2ag hole state and the 2ag momentum space or­
bital. The satellite will then have the same momentum distribution 
as that of the primary 2Ag state at 23.6 eV, whose dominant config­
uration is a hole in the 2ag orbital. This result is in agreement with 
experiment since the momentum distribution for the 27.4-eV satellite 
is indistinguishable from that for the 2ag primary hole state at 
23.6. 

Since the only components of the CI wave functions giving nonzero 
contributions to the cross section are the $2ag components, the in­
tensities of the main and satellite lines may be obtained by simply 
squaring the coefficients of the $2a determinant within the CI wave 
functions. Using this procedure, Martin and Davidson calculated an 
intensity ratio for the 27.4-eV satellite relative to the 23.6-eV primary 
peak of 0.30. Mg Ka photoelectron spectroscopy1' gives a ratio of 0.39 
± 0.06 while our (e,2e) result is 0.47 ± 0.07. The CI expansion per­
formed by Martin and Davidson is of course quite limited. A larger 
scale CI would probably further reduce the 2ag

_1 character in the 
lowest energy (main) 2Ag wave function thus yielding a higher ratio 
of first satellite to main peak intensity. 

In the momentum distributions for the 2Ag primary and the satellite, 
the observed probability of finding an electron at intermediate values 
of momenta (from 0.6 to 1.4 an-1) is somewhat higher than that cal­
culated. Although this discrepancy may well be due to the difference 
between the Snyder and Basch SCF wave function and the exact 
Hartree-Fock result, it could also be due to CI in the initial state, to 
electronic relaxation in the ion, or to a failure of one or more of the 
assumptions leading to eq 7. 
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